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Abstract
In the present paper we consider the problem of the description of an arbitrary
generalized quantum measurement with outcomes in a measurable space.

Analysing the unitary invariants of a separable statistical realization of a
quantum instrument, we present the most general form of a possible integral
representation of an instrument. We introduce the notion of a stochastic
realization of an instrument and establish a one-to-one correspondence between
the class of unitarily and phase equivalent separable statistical realizations
and the equivalence class of stochastic realizations of an instrument. We
further single out the invariant class of unitarily and phase equivalent separable
statistical realizations for which the integral representation of an instrument is
the same for all statistical realizations from this class and is wholly determined
by the invariants of this class. We call the special form of this integral
representation the quantum stochastic representation of an instrument.

We show that the description of a generalized direct quantum measurement
can be considered in the frame of a new general approach based on the notion of a
family of quantum stochastic evolution operators satisfying the orthonormality
relation. This approach gives not only the complete statistical description of
any generalized direct quantum measurement but the complete description
in a Hilbert space of the stochastic behaviour of a quantum system under a
generalized direct measurement in the sense of specifying the probabilistic
transition law governing the change from the initial state to a final one under
a single measurement. Under this approach a unitary evolution of an isolated
quantum system is included as a special case.

In the frame of the proposed approach, which we call quantum stochastic
approach, all possible schemes of measurements upon a quantum system can
be considered. In the case of repeated or continuous in time measurements
the quantum stochastic approach allows to define, in the most general case, the
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notion of the family of posterior pure state trajectories (quantum trajectories in
discrete or continuous time) in the Hilbert space of a quantum system and to
give their probabilistic treatment.

PACS numbers: 03.65.Ta, 02.50.-r, 03.70.+k, 05.30.-d

1. Introduction

The behaviour of an isolated quantum system, which is not observed, is quantum deterministic
since itis described by the Schrédinger equation, whose solutions are reversible in time. Under
a measurement the behaviour of a quantum system becomes irreversible in time and stochastic.
Not only is the outcome of a measured quantum quantity random, being defined with some
probability distribution, but the state of the quantum system under a measurement becomes
random as well.

We would like to specify from the very beginning that under a quantum measurement we
mean a physical experiment upon a quantum system, which resulting in the observation in the
classical world of an outcome may cause a change in the state of the quantum system, but not
the quantum system’s destruction. We distinguish direct and indirect quantum measurements.
A direct quantum measurement corresponds to a measurement situation where we have to
describe the direct interaction between the measuring device and the observed quantum system,
while in case of an indirect measurement, a direct measurement is performed upon some other
quantum system, entangled with the one considered.

The term ‘generalized measurement’, as usual, corresponds to measurement situations
with outcomes of the most general possible nature.

In quantum measurement theory the formalization of the complete statistical description
of any generalized quantum measurement is given by the operational approach [2-9]. The
complete statistical description implies the knowledge of the probability distribution of
different outcomes of the measurement and a statistical description of the state change of
the quantum system under the measurement.

However, the operational approach does not, in general, give the possibility to include
into consideration the description under a single measurement of the stochastic behaviour of
a quantum system, depending on outcomes in the classical world. The description of such
stochastic behaviour of a quantum system means the specification of a probabilistic transition
law governing the change from the initial state of a quantum system to a final one under a
single measurement. We refer to this kind of description as a complete stochastic description
of the random behaviour of the quantum system under a single measurement.

The complete stochastic description is, in particular, very important in the case of
continuous in time measurements of an open system, where the evolution of the continuously
observed open system differs from that described by reversible in time solutions of the
Schrodinger equation.

The operational approach also does not, in general, specify the description of a generalized
direct quantum measurement.

We would like to underline here that, in general, the description of a direct quantum
measurement cannot be simply reduced to the quantum theory description of a measuring
process. We cannot specify definitely neither the interaction, nor the quantum state of a
measuring device environment, nor describe a measuring device only in quantum theory terms.
In fact, under such a scheme the description of a direct quantum measurement is simply referred
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to the description of a direct measurement of some observable of an environment of a measuring
device. But the problem still remains. Moreover, in quantum theory any physically based
problem must be formulated in unitarily equivalent terms and the results of its consideration
must not be dependent neither on the choice of a special representation picture (Schrodinger,
Heisenberg or interaction) nor on the choice of a basis in the Hilbert space.

We recall that for the case of discrete outcomes the original von Neumann approach [1]
in quantum measurement theory describes specifically a direct quantum measurement and
gives both the complete statistical description of a measurement and the complete stochastic
description of the random behaviour of the quantum system under a single measurement.

In this paper we present the new mathematical results on the notion of an instrument, which
is used in the quantum measurement theory and the theory of open systems. Using these
mathematical results, we further introduce a new general approach, the quantum stochastic
approach (QSA), to the description of an arbitrary generalized direct quantum measurement
based on the introduction of the physically important mathematical notion of the family of
quantum stochastic evolution operators, satisfying the orthonormality relation.

The QSA may be considered as the quantum stochastic generalization of the original von
Neumann approach to the description of direct measurements with discrete outcomes to the
case of any measurable space of outcomes, any type of a scalar measure on a space of outcomes
and any type of a quantum state reduction.

Due to the orthonormality relation, the QSA allows to interpret the posterior pure states,
defined by quantum stochastic evolution operators, as posterior pure state outcomes in a Hilbert
space corresponding to different random measurement channels. Physically, the notion of
different random measurement channels, under the same observed outcome, corresponds, to
different underlying random quantum transitions of the environment of a measuring device,
which we cannot, however, specify with certainty.

In the case when a quantum system is isolated the family of quantum stochastic evolution
operators consists of only one element, which is a unitary operator.

The QSA gives not only the complete statistical description of any generalized direct
quantum measurement, but it gives alo the complete stochastic description of the random
behaviour of the quantum system under a single measurement.

Even for the special case of discrete outcomes, the QSA differs, due to the orthogonality
relation for posterior pure state outcomes, from looking somewhat similar approaches
considered in the physical literature [18, 19], where the so-called ‘measurement’ or Kraus
operators are used for the description of both the statistics of a measurement (a POV measure)
and the conditional state change of a quantum system.

We generalize as far as possible our results presented in [15—-17], where the notion of
a quantum stochastic operator was defined for the description of conditional evolution of
continuously observed quantum systems in the general case of non-demolition measurements.

In section 2 we review the main approaches to the description of quantum measurements,
specifying the characteristic features of each approach.

In section 3 we present the new mathematical results on the notion of an instrument.

In section 3.1 we introduce the notion of a class of unitarily and phase equivalent
separable statistical realizations of an instrument and find its invariants. In section 3.2 we
present the most general form of an integral representation of an instrument, which differs
from the integral representations of an instrument available in the mathematical and physical
literature. In section 3.3 we introduce the notion of a stochastic realization of an instrument
and establish a one-to-one correspondence between the class of unitarily and phase equivalent
statistical realizations and the equivalence class of stochastic realizations of an instrument. In
section 3.4 we single out invariant classes of unitarily and phase equivalent separable statistical
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realizations. For the invariant class the integral representation of the corresponding instrument
is the same for all statistical realizations from this class and is wholly determined by unitary
invariants of a separable statistical realization from this class. We call the special form of
the integral representation of an instrument, corresponding to an invariant class, quantum
stochastic due to its importance in the quantum measurement theory.

In section 4 we show that any generalized direct quantum measurement can be interpreted
to correspond to an invariant class of unitarily and phase equivalent statistical realizations
(measuring processes) and introduce the main ideas of the QSA. We consider also the
description of an indirect quantum measurement in the frame of the QSA.

In section 5 we give the semiclassical interpretation of the QSA to the description of a
generalized direct quantum measurement in terms of the classical probability description of a
measuring apparatus and the quantum description of the observed quantum system.

In section 6 we present the concluding remarks.

2. The main approaches to the description of quantum measurements

Let us first review the main approaches to the description of quantum measurements available
up to the present moment and specify the characteristic features of each approach.

2.1. Von Neumann approach

Let Hg be a complex separable Hilbert space of a quantum system. According to the von
Neumann approach [1] only self-adjoint operators on Hs are allowed to represent real-valued
variables of a quantum system, which can be measured. The probability distribution of different
outcomes of a direct measurement on a quantum observable is described by the spectral
projection-valued measure ﬁ(-) on (R, B(R)) corresponding, due to the spectral theorem,
to the self-adjoint operator representing this observable.

In the case of discrete spectrum of a measured quantum observable the famous von
Neumann reduction postulate [1] prescribes the well known ‘jump’ of a state of a quantum
system under a measurement.

Specifically, if under a direct measurement upon a von Neumann observable

B = le,ﬁ, 1)
J

the initial state pg of a quantum system is pure, that is, ps = |¥)(¥o|, and if under a single
measurement the outcome 2 ; is observed, then in the frame of the von Neumann approach at
the moment immediately after this measurement the quantum system ‘jumps’ with certainty
to the pure state

ﬁj|wo><1/fo|ﬁ,-.

o @)
[1Pjoll
The probability w; of the outcome A; is given by
wj = |1P;ol*. 3

In the case of continuous spectrum of a measured quantum observable the description of a
state change of a quantum system under a measurement is not formalized.

The simultaneous direct measurement of n quantum observables is allowed if and only
if the corresponding self-adjoint operators and, consequently, spectral projection-valued
measures, commute. Such a measurement is described by the projection-valued measure

P(E\ X Ey X -+ x E,) = P{(E)Py(Ep) - - - - P,(E,) 4)
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on (R", B(R™)) common for all n commuting self-adjoint operators.

We would like to underline that in the case of discrete outcomes the original von
Neumann approach gives both the complete statistical description of a measurement and the
complete stochastic description of the random behaviour of a quantum system under a single
measurement (formula (2)).

The generalizations of von Neumann approach, to be discussed in what follows, are caused
by the fact that even for measurements with outcomes in (R, B(R)), this approach does not
describe a state reduction of a quantum system in the general case where the spectrum of a
measured quantum observable may be continuous or complicated, and it does not describe all
measurements possible upon a quantum system.

2.2. The description of a generalized quantum measurement

In the further developments of quantum measurement theory [2-9] the mathematical notion
of a probability operator-valued (POV) measure is used for the description of a probability
distribution on a space of outcomes in the case of any measurement possible upon a quantum
system.

Let ©2 be a set of outcomes of the most general nature possible under a quantum
measurement and F be a o-algebra of subsets of 2. Let L(H;) be the Banach space of
all bounded linear operators on Hs.

A mapping M () : F — L(Hs) is called a probability operator-valued measure, or a
POV measure for short, if M (+) is a o -additive measure on (2, F') with values M (E),EeF
that are positive bounded linear operators on Hg such that the following condition is valid:
M) = 1.

Given a POV measure, a scalar probability measure p, () on (€2, F), describing the
probability distribution of possible outcomes of a measurement upon the quantum system,
being at the instant before the measurement in the state pg, is given by

Mps(E) =trlps M(E)] ~ VE € F. )

In contrast to a spectral projection-valued measure on (R, B(R)), which is one-to-one defined
by a self-adjoint operator, different possible measurements with outcomes in (R, B(R)), being
described by different POV measures on (R, B(R)) may correspond to one and the same
observable, represented by a self-adjoint operator.

A POV measure is sometimes called a generalized observable [3] or semiobservable [6]
of a quantum system. A spectral projection-valued measure 13(-) on (R, B(R)) (and the
corresponding self-adjoint operator, for short ) is called a von Neumann observable.

The notion of a POV measure does not, however, describe in any way a state change
of a quantum system under a generalized quantum measurement. Thus, with respect to a
quantum system it does not give the complete statistical description of a generalized quantum
measurement.

2.3. Operational approach

The complete statistical description of any generalized quantum measurement is specified
in the frame of the operational approach where the mathematical notion of a quantum
instrument [2—-6] plays a central role.

Specifically, a mapping f”(~)[-] : F x L(Hs) — L(Hs) is called a quantum instrument if
YA“(-) is a o -additive measure on (€2, F) with values YA“(E ), E € F, that are normal completely
positive bounded linear maps L(Hs) — L(Hs) such that the following normality relation is
valid: T(Q)[I]=1.
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From now on we shall only consider quantum instruments and henceforth we therefore
suppress the term ‘quantum’.

Given the instrument of a measurement, the POV measure of that measurement is defined
as

M(E) = T(E)[] VE € F. (6a)

The scalar probability measure on (2, F'), defining a probability distribution of possible
outcomes under a measurement upon a quantum system being before the measurement in
the state ps, is

s (E) = tr[psT (E)I]. (6b)

The conditional expectation of any von Neumann observable Z at the instant immediately after
the measurement, under the condition that the observed outcome belongs to the subset E, is
given by

Ex{Z|E} = tlpsT(ENZ1] (7a)
/’Lps (E)
and the quantum mean value is
(Z) = Ex{ZIQ) = ulpsT(IZ]. (7b)

The knowledge of an instrument gives the statistical description of a state change of a quantum
system caused by a measurement [6]. The posterior (conditional) state (or density, or statistical,
operator) of a quantum system p(E, ps), conditioned by the outcome being in E, is defined
by the relation

5 wlpsT(E)ZN o n s
EX{(Z|E} = —=——"25 = w[p(E, ps)Z]. (8a)
/'Lps (E)
The unconditional (prior) state 6(€2, os) of a quantum system defines the quantum mean value
(Z) = ulp(Q, ps)Z] (8b)

of a von Neumann observable Z at the instant after a measurement if the results of a
measurement are ignored.

Any conditional state change of a quantum system can be completely described in the
Hilbert space Hs by a family of statistical operators {0 (w, ps), @ € 2} called usually a family
of posterior states [7,8]. For any instrument and a premeasurement state ps of a quantum
system the family {/(w, ps), w € 2} always exists and is defined uniquely, p,(-)-almost
everywhere, by

alps TENAN = [ ulh(o. p9) Al (o) ©a)
weE
for VA € L(Hs), VE € F. From (8) and (9a) it follows that the family {0 (w, fs), w € 2}
determines the conditional expectation by
e LA (@, P$) Z] 1y (dew)
/"Lps (E)

Ex{Z|E} = (9b)

and

(Z) = / tr[p(w, fs)Z] s (dw). (%)
Q
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The posterior statistical operator o(E, ps) of a quantum system, conditioned by the outcome
w € E, is presented through the family of posterior states {p(w, 0s), @ € 2} as

o Soer P(@, Ps) s (dw)
E, — wEeE
o(E, ps) 1o (E)

There is a one-to-one correspondence between a POV measure and a family of posterior
statistical operators on the one side and an instrument on the other side [7,8]. Knowing a POV
measure and a family of posterior states one can reconstruct the instrument.

(10)

2.4. Statistical realizations of an instrument

As well as in the von Neumann approach as in the operational approach the notion of a
projection-valued measure on (€2, F) plays a fundamental role.

Introduce the following notation. Let & be a statistical operator on a separable Hilbert
space K and O bean operator belonging to L(Hs ® K). There exists [6] a uniquely determined
normal completely positive bounded linear map E, : L(Hs ® K) — L(I:IS) such that the
relation

tr[pE,[Q]] = tr[(p ® 6) 0] (11)

is valid for any statistical operator ¢ on Hs.

In [6] it was shown that for any instrument on a Borel space (€2, F)) with the values in
L(Hs) there exist a Hilbert space K, a statistical operator 6 on K, a unitary operator U and a
projection-valued measure I® 13(-) on Hs ® K, such that the instrument can be presented in
the form:

T(E)[A] =B, [UT(A® P(E)) U] VE € F,VA € L(Hs). (12)
A 4-tuple
{K,6,P(),U} (13)

is called a measuring process of the corresponding generalized observable (a POV measure) or
a statistical realization of an instrument. For a given instrument a statistical realization always
exists but may not be unique.

If in (13) the Hilbert space K is separable then the corresponding statistical realization is
called separable.

In quantum theory a Hilbert space Hs of a system is always separable, while the value
space is mostly a standard Borel space (that is a Borel space which is Borel isomorphic to a
complete separable metric space).

If (2, Fp) is a standard Borel space and the Hilbert space Hg of a quantum system is
separable, then there exists a separable statistical realization of any instrument T()[-] on
(2, Fp) [6].

In [1, p 442] von Neumann showed that the state reduction, first postulated by him in
his projection postulate, can be formally derived in the scheme of a measuring process.
Consider [6] a von Neumann measuring process of the observable (1), which, with respect
to the considered quantum system, results:

(a) in the POV measure

M(E)=P(E)=)_ P, (14a)

r€EE

on (R, B(R)), being the spectral projection-valued measure, corresponding to (1);
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(b) in the family of posterior states

oy A PibsP
pUr;Y, ps) = =L (14b)
tr[os P;]
corresponding to the von Neumann reduction postulate.
The unique instrument, corresponding to (14a), (14b), has the form
T(E)Al=)_ P;AP (14¢)
AjEE
forVE € B(R), VA € L(Hs).
Let {1} be the complete orthonormal set of eigenvectors of the observable (1):
Byj=nayu  Pr=> W)Wl (15)
k

Let K be another complex separable Hilbert space, {n;} and n be, respectively, a complete
set of orthonormal vectors and an unit vector in K. Let U be a unitary operator on Hs ® K,
satisfying the relation

Ui ®n) =Y ®n;. (16)
The 4-tuple
{K, m)nl, Y i)l 0} (17)
AjEE

presents a von Neumann measuring process for the observable (1) or a separable statistical
realization of the instrument (14c¢):

T(E)[A] = El,,><,,,[U+<A ® Y |n,-)<n,-|> U:| =Y PjAP;. (18)
AjEE AjEE
We would like to emphasize that (17) presents a von Neumann measuring process of the
observable (1) for any pair—a set {n;} of orthonormal vectors and an unit vector 7 in K.
Thus, the concept of the direct measurement of the observable (1) in the frame of the
von Neumann approach corresponds to the description of different measuring processes, given
by (17). We discuss this point in detail in section 4.

2.5. Integral representations of an instrument

In [10-12] it was proved (although, the contents of the corresponding theorems in [10, 12] is
slightly different) that for any instrument on (€2, Fg) there exist a positive scalar measure 1 (-)
on (L2, Fg), a dense domain D C Hg, a countable family of functions w — X «(w), defined
for p-almost all w, such that Xy (w) are linear operators from D to Hsg, satisfying the relation

/QZH)h(w)Wu(dw) =Ilyl> VvyeD (19)

k

and

(v, T(E)AlY) = / ; (Z (X (@), Affk(w)w)u(dw) vy € D. (20)
we k

The representation (20) is similar to the Stinespring—Kraus representation for completely
positive maps but according to [12] the operators X (w), involved in (20), are defined only on
D C Hs.
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If in (20) k = 1, then such an instrument is called pure in [12].

From (20) and (9a) it follows that, if prior to the measurement the quantum system is in
a pure state pp = |¥) (| and ¥y € D then the family of posterior states {p(w, pp), @ € R},
describing the conditional state change of the quantum system, is given by

o Y XK@Y (X (@)Y
plw, po) = ~ )
P S XK@y IP

For the case of continuous in time nondemolition observation of an open system the
representations of an instrument, similar to (20), were considered in [13, 14] (cf also references
there) and in [15-17].

In the physical literature on quantum measurements, in the special case when 2 = R and
the spectrum of the measured quantum quantity is discrete, the formulae for the POV measure
and the posterior states, similar to (20), (21), were presented in [18, 19].

21

3. Quantum stochastic representation of an instrument

The aim of the present section is to analyse if there is any mathematical background for the
description of a generalized quantum measurement via probability scalar measures on (2, Fg)
and operator-valued functions, defined with respect to these measures and describing in a
Hilbert space Hs the conditional behaviour of a quantum system under a measurement.

It was noted in section 2.4 that for a given instrument a statistical realization (a measuring
process) always exists but may not be unique. This mathematical fact corresponds to a clear
physical situation when for different quantum measurements their statistical description may
be the same.

An integral representation of an instrument also has a clear physical interpretation since
it allows, in principle, to consider not only a statistical description of a generalized quantum
measurement but also the stochastic conditional evolution of the quantum system under a single
generalized measurement.

However, the integral representation of an instrument (20) is not based on any invariants
of the corresponding measuring processes.

That is why, we are now interested what is the most general form of an integral
representation of an instrument and what is the correspondence, in the most general case,
between classes of statistical realizations and classes of integral representations of the same
instrument.

In quantum theory any physically based problem must be formulated in unitarily equivalent
terms and the results of its consideration must not be dependent neither on the choice of a special
representation picture (Schrodinger, Heisenberg or interaction) nor on the choice of a basis in
the Hilbert space. That is why, in section 3.1 we introduce the notion of the class of unitarily
equivalent separable statistical realizations of an instrument and consider its invariants.

We find (section 3.2) the most general form (theorem 1) of integral representation of
an instrument. This form differs from the integral representation (20). The most important
difference is due to the orthogonality relation, which is not present in integral representations
of an instrument, available in the mathematical and physical literature [10-13, 18, 19]. We
prove in the most general case that in the case of a finite positive scalar measure (i£(-) in the
notation of (19)) the integral representation of an instrument is given through the -measurable
operator-valued functions on all of Hg.

We introduce the notion of a stochastic realization of an instrument (section 3.3).
We show that for any instrument there exists a stochastic realization (proposition 1) and
establish a one-to-one correspondence between the class of unitarily equivalent separable
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statistical realizations and the equivalence class of stochastic realizations of the instrument
(theorems 2, 3).

We call a stochastic realization of an instrument quantum stochastic (section 3.4) if it
has the factorized form (52a). We show that for any instrument there exists a quantum
stochastic realization (proposition 2). We further single out the invariant class of unitarily
equivalent separable statistical realizations for which the corresponding equivalence class
of stochastic realizations contains only invariant quantum stochastic realizations, specified
by (53a). We prove (theorem 4) that for the invariant class of unitarily equivalent statistical
realizations the integral representation of an instrument is the same for all statistical realizations
from this class and is wholly determined by the invariants of this class. We call the special
form (56) of the integral representation of an instrument, corresponding to an invariant class of
unitarily and phase equivalent statistical realizations, a quantum stochastic representation of an
instrument. The term ‘quantum’ reflects the importance of this kind of integral representation
of an instrument for the description of generalized direct quantum measurements (cf section 4).

The general mathematical results, derived in this section, can be used for the quantum
measurement theory and the theory of open systems. These results allow us to introduce in
section 4 a new general approach, the QSA, to the description of generalized direct quantum
measurements.

From now on we shall only consider complex separable Hilbert spaces and separable
statistical realizations and henceforth we therefore suppress the term ‘separable’.

3.1. Unitary invariants of a statistical realization
Let
T(E)A] (22)

be an instrument on a standard Borel space (€2, F) with values in L(Hs), where Hg is a
complex Hilbert space of the quantum system.
Lety = {K, &, P(-), U} be a statistical realization of the instrument (22a), that is,

T(E)[A] =E,[U*(A® P(E))U]. (22b)
Consider some general properties of E, [Q], defined by (11), where Qisan operator belonging
to L(Hs ® K).
Leté =), Aipi. Pipj = 8i; p; be the spectral decomposition of the statistical operator
6 and k(A;) be the multiplicity (which is always finite) of the positive eigenvalue ;. Then,
letting 6; = (k(1;))~! p;, we have

E,[Q] =) 1ik(h) Eq[0] (23a)

where the sum is convergent [6] in the weak operator topology.
Under a unitary transform W : K’ — K, we have the following relation:

E,[Q] =E,[Q'] (23b)
with the statistical operator 6’ on K’ and the operator Q' € L(Hs ® K') being given by
& =wlsw O =W Hodew). (23¢)

Consider a statistical realization y = {K, &, f’(-), U } of an instrument (22a).

Definition. We shall say that a statistical realization y' = {K', &', 13’(-), U '} is unitarily
equivalent to y if there exists a unitary transform W : K' — K under which
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& =wlsw P(y=W'POW U=0eWwhHude W). (24a)

Definition. All properties of a statistical realization, which do not change under a unitary
transform (24a), we shall call unitary invariants of the statistical realization.

Due to (22b), (23b) and (23c¢) the instrument is a unitary invariant of the statistical
realization.

We shall also say that a statistical realization y; = {K, &, P(), e€U } is phase-equivalent
to the statistical realization y. Let G(y:) be the set of all statistical realizations of an
instrument (22) unitarily equivalent to a statistical realization ye.

Introduce G, = {G(y¢),§ € R}—the class of all statistical realizations unitarily and
phase equivalent to the statistical realization y. The class G, includes, in particular, all
unitarily and phase equivalent statistical realizations corresponding to one and the same Hilbert
space K.

Definition. We shall say that some property is an invariant of a class of statistical realizations
if this property is the same for all statistical realizations from this class.

The dimension D, of Hilbert spaces K in statistical realizations from the class G,, is the
simplest invariant of this class.

In general, the same instrument induces different classes G, but all these classes have a
common invariant—the instrument itself.

Let

{Hg, 6r, Pr(-), Ur) (24b)

be any statistical realization from the class G, on some fixed Hilbert space Hg.

Consider on (€2, Fg) the family of positive scalar Borel measures {u,(-) =
(o, 13R(~)<p), V¢ € Hg}, induced by the projection-valued measure ﬁR(~). For any projection-
valued measure in the Hilbert space Hy there exists [20] ¢ € Hg such that with respect to a
subset E € Fp the equations p3(E) = 0 and ﬁR(E ) = 0 are equivalent. The element ¢ € Hg
is said to be an element of maximum type [20] for the projection-valued measure Pr(-). Denote
by [113] the type of the scalar measure pg(-)(i.e. [ig] is the class of positive scalar measures
equivalent to pg(-)).

Definition. The spectral type [ﬁR(~)] of a projection-valued measure ﬁR(~) on (Q; Fg) is
defined to be equal to the type [ of the positive scalar Borel measure u3(-) = (¢, Pr(-)@),
induced by an element ¢ € Hg of the maximum type [20].

Let v(-) be a positive scalar Borel measure on (2, F) of the type [v(-)] = [ﬁR(-)]. For
any ¢ € Hy introduce the subset

Q) = {a) weQ, dc%(w) > o} (254)

which is defined v-almost everywhere (v-a.e.) and does not depend on the choice of the scalar
measure v(-) on (2, Fg) out of the class of equivalent scalar measures of the type [ Pr(-)].
The following statements are valid v-a.e. [20]:

QP) C Qp) & (1] < [1y] (25b)
Q(P) = Q@) & [yl = [1e] (25¢)
Pr(Q$)$ = ¢ V¢ € Hy (25d)
Q) NQ) =2 = (1, Pr(ma) =0 (25¢)

(m, Pr(-)m) =0 = Q@ +m2) = Q20 U L(>m2). (250
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If

(gl = [Pr()] n=Pr(E)$, E € Fg (25¢)
then

Q) =E. (25h)

For any projection-valued measure Pr() on (2, Fg) there exists [20] a family of elements
{nj, nj e Hg, j=1,...,m; 1 <m < oo}, satisfying (n;, Pr(:)mk) =0, VI # k, such
that

Hg = Z@Hn,
J (26a)
H’Ij = {ZfT)j| f € S(Q, l)), n;j S Df}
and
(PRl = [pty] > [ptg,] = <. (26b)

In (26a) S(£2, v) is the class of v-measurable, v-a.e. finite functions: Q — C; Zf is the
operator defined by the relation

@:ffw&mw (26¢)
Q
with the domain Dy = {y € HR|fQ |f(a))|2 My (dw) < oo}

If m > 1, then the decomposition (26a) of the Hilbert space Hg is not unique.
From (25) and (26b) it follows that

Q=Q0m)DRM0mm)D---. (27a)
Introduce the sets 2, k =1, ..., m by the relations
= Q)\2 (k1) k<m
Q= (] 2. (27b)
k=1,....m

Definition. TheﬁR—measumble function Np, : Q — {1,2,...,n,...} defined ISR—almost
everywhere by the relation

Np, () =k, for we k=1,...,m 27¢)

is called a multiplicity function of the projection-valued measure Pr(-) on (2, Fg) [20)].

The type [Pr(-)] and the multiplicity function N p, (w) characterize the projection-valued
measure PR( ) on (2, Fg) up to unitary equivalence [20] (see also the formula (28¢) below).
Since [PR( )] and Np, (w) are unitary invariants of PR( ), they are unitary invariants of any
statistical realization from the class G, and they are invariants of the class G,.

Let

H(v,N;Y) :[@H(w)v(dw) (284)
Q y

be the direct integral [20-22] of Hilbert spaces H (w) on (2, Fg), induced by:

e a positive scalar Borel measure v(-) of the type [v(-)] = [ﬁR(-)];
e the dimension function N(w) = dim H (), being equal v-a.e. on €2 to the multiplicity
function Np, (w) of the projection-valued measure Pgr(-) on (2, Fp);
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e an orthonormal base of measurability Y = {e,},n = 1, ..., [, where the positive integer
[ is equal to v-sup{N (w), w € R}, which is defined as inf{c € R : N(w) < ¢, v-ae.}.

For any w €  the set {e,(w), n = 1,..., N(w)} represents an orthonormal basis in
the Hilbert space H(w). Every measurable function e,(w) is defined to be e,(w) = 0 for
n > N(w). Notice that [[e; (w)||m) = 1, v-a.e. on Q.

Recall (cf [20]) that the scalar product in the separable Hilbert space H (v, N; Y) is defined
by

(f,8) = /Q (f (@), 8(@)) v (de) (28h)
where the function
N(w)
(f(w), g(@)Hw = Z (f(w), en(@))H(w) (en (@), (@) H(w) (28¢)

n=1

is v-measurable since on the right-hand side in (28¢) we have a convergent series of measurable
functions.

Two direct integrals H(v, N; Y) and H'(v', N’; Y’), induced by equivalent measures
v ~ V' and equal, v-a.e. on 2, dimension functions N(w) = N’(w), but possibly different
orthonormal bases of measurability Y and Y’, are isometrically isomorphic to each other.

Since we are interested in finding unitary invariants of a statistical realization, we may take
any of the equivalent measures. We may also take any orthonormal base of measurability Y.

We take a finite measure v(€2) < oo, since in this case any element of the orthonormal
base of measurability ¥ = {e,} belongs to H(v, N; Y).

Let X »(+) be the projection-valued measure on H (v, N; Y), defined by the relation

(Xu(E) 8)(@) = x&(@)g() Vg e H(v, N Y) (28d)

v-a.e. on 2, where xg(-) is the characteristic fupction of asubset E € Fg.
Then there exists [20] a unitary transform R : Hgr — H (v, N; Y) such that

Pr(E) = R7'X,(E)R. (28¢)

The spectral type (X, ()]s equal to [Pr()] = [v()].
The statistical realization

{(HW,N;Y), 6,, X,(), U)} 6, = R6g R™! U,=U0RUrI® R™") (28

is unitarily equivalent to the statistical realization (24b) and belongs to the class G,,.

Any other statistical realization {H (v, N;Y), &/, )A(U(-), 0{)} from the class G, on
H (v, N; Y) must be unitarily equivalent to (28 f') with a unitary transform 7. H (v, N;Y) —>
H (v, N; Y), commuting with the projection-valued measure X,(-) and, consequently, being a
decomposable operator on H (v, N; Y) [20]. As any decomposable operator on H (v, N; Y),
the unitary operator Zis presented by the relation:

(Zg) () = 2(@)g(®) Z(w) € L(H(®))

. o as A (28g)
(o) = Z2(@)Z" () = THw) Vg e H(v,N;Y)

v-a.e. on £2.

Due to (23b) the instrument, being a unitary invariant of the statistical realization y
and an invariant of the class G,, is given through the elements of the considered statistical
realization (28 f) as

T(E)[A] = E, [UF(A ® X,(E))U,] VE € F3 YA € L(Hs). (29a)
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Consider the spectral decomposition of the statistical operator &,:

NV
o, = ZO[](/I)]A),- piPj = 8ijbi
i=1
N, (29b)
a}(,’) >0 Za](,’)ky(a;(,’)) =1.
i=1
The set o, = {a;(f), i = 1,...,N,} of different positive eigenvalues of 6,, the positive

integer N, (it may be infinite) and the multiplicities k,, (a)(}' )) < oo of positive eigenvalues afj )
are unitary invariants of the statistical realization (28 f) and they are invariants of the class G,,.
Let {¢;;} be the complete orthonormal set of eigenvectors of the statistical operator &,, then
in (29b) we have

ky (@)

Pr= D low) - (29¢)
k=1

For any index i, for which the multiplicity &, (oz)(}')) > 1, the set of eigenvectors {g;;, k =
1,...,k, (a}(,"))} is defined uniquelyA up to unitary equivalence, corresponding to different
choices of thf: basis in the subspace p; H(v, N; Y).

Thus, [Pr], Npy, oy, Ny, {k, (a;i))} are unitary invariants of the statistical realization y
and invariants of the class G, .

From (23c¢) it follows that we can decompose the instrument (29a) in the following form

NV
T(E)Al =) ol k(@) E 0lUf(A® X,(E)U,]  VE€Fz VAeL(Hs). (30a)
i=1
In (30a) 6 is the statistical operator defined by
6" = (k, ey " pi. (300)
Denote by
T,(E)A] = E,0lU} (A ® X,(E)U,] (300)
any ‘i’ instrument in the decomposition (30a).

Introduce an equivalence relation on the space G = {G,, y € I'} of all the classes of
unitarily and phase equivalent statistical realizations of the instrument (22a) in the following
way.

Two elements G,, and G,, of G are equivalent if for any statistical realization y; from the
class G, and any statistical realization y, from the class G,, there exists a unitary transform
W: K 1 — K> and a real number & under which

PO = WIBOOW IV = (F WP ® W)

Ny, Ny,
b =Dk @GS G =) gk (e)o? (30d)

i=1 i=1
N,, = N,, Ky, (@) = ke (l))) 60 =Wl W Vi=1,...,N,.
We denote an equivalence class in G by [G, ] if contains the class G,,.

Due to (30d) and the property (23b), (23¢) all instruments f}(~)[~], i=1,...,N,,defined

by (30c), are invariants of the equivalence class [G, ]. Consequently, they are invariants of the
class G,.

Then, it follows that (30a) is an invariant decomposition for the class G, that is the same
for all statistical realizations from this class.
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Introduce on (2, Fg) the probability scalar measures:
NV
vy (E) = ul8,X,(E)] = ) ok, (o )y (E) .
v (E) = 6" X, (E)] i=1,...,N,.

These probability scalar measures are invariants of the class G,. The probability scalar
measures v}(,’)(~), i =1,..., N, are also invariants of the equivalence class [G, ].

From (31a) and (28b), (28d) it follows that the probability scalar measures v, (), v)(/i) )
are absolutely continuous with respect to the positive scalar measure v(-) in the direct integral
HWw,N;Y):

vI(E) = / 7 (@)v(dow). (31b)
wekE

Substituting (300) into (31a) and considering (28d) and (29¢), we get the following expression
for the density of the probability scalar measure v)(,i)(-) with respect to v(-):

7 (@) = Wh0)[6 ()] Glo)

where we denoted

ky (a(y”)
6(@) = (ky @' D @) (@it (@), ) - (31d)
=1
The density 7; (@) does not depend on the choice of the basis {gir, k = 1, ..., k, ()} in the

subspace p; H(v, N; Y).
Introduce also the operator-valued measures

NV
0, (E) =Es[(I ® X,(E)U,] = ;a;“ky (@eP(E) (32a)

OV (E) =E;0l( ® X,(ENT,] (32b)

on (82, Fg) with values in L(Hs).

These operator-valued measures are invariants (up to phase equivalence) of the class G,,.
The measures (:)gf)(E ) are also invariants (up to phase equivalence) of the equivalence class
[G,]. Thus, we derived the following sets of invariants of the class G,,

[Pr], Np. oy, Ny {ky (@)}, (0 ()}, v, (0, {00 ()}, 6, () (320)
and of the equivalence class [G, ]
[Pr]. N, Ny, {ky (@)}, (0@ ()} {60 (). (32d)

3.2. General form of the integral representation of an instrument

As we have already mentioned the same instrument YA"(E)[A] induces different classes
of unitarily and phase equivalent statistical realizations, but all these classes have a
common invariant—the instrument itself. Consider for the instrument f‘(E)[A] and the
instruments f} (E )[A], i=1,...,N,,introduced by (30c), possible integral representations,
corresponding to the definite class G,.. The most general form of integral representation of an
instrument is specified in theorem 1.
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Take some fixed orthonormal basis {gi,k = 1,...,k, (a}(}'))} in the subspaces
piH(v, N;Y). For any index i = 1, ..., N, the unitary transformation from one basis to
another is described by:

ky (o)

o=y 0 Gy (33a)
p=1

where {19,3,)} is any unitary matrix with elements being complex numbers.

Introduce on the Hilbert space H(v, N; Y) the decomposable projections Q,,, n =
1, ..., (with [ being equal to v-sup{N (w), w € R2}), which are defined by the relation

(048)(©@) = Gu(@)g(@) Vg e H(v, N; Y) Gn(@) = en(®)(en(®), Yu@w  (33b)

v-a.e. on Q. In (33D) ¢, are the elements of the orthonormal base of measurability ¥ = {e,}
and for any n < N (w) the operator g, () is a one-dimensional projection on the Hilbert space
H (w). Every decomposable operator on the Hilbert space H (v, N; Y) commutes [20] with
the projection-valued measure X »(+), hence, in particular, we have

[On, X,()] = 0. (33¢)

Since the following relations are valid:

N(w)
én (a))ém ((1)) = (Snm4n Z ‘}n ((1)) = IH(w) (33d)
n=1

v-a.e. on €2, the projections 0, are mutually orthogonal and
l A A
Z On =Iuw.ny)- (33¢)
n=1

If Z is any unitary decomposable operator on H (v, N; Y), described by (28g), then the
projections

0¥ =2z0,7* n=1,...,1 (33))
presented by the relation
(0P 9) (@) = (Z0nZMg) (@) = 2()GaZ* (@) () (339)

v-a.e. on €2, are also mutually orthogonal and summing up to the unity operator: Zflzl Q;Z) =

iH(u,N;Y)-
We denote
2@)gnz* (@) = ¢ = e (e, ) Hiw)- (33h)
For any w € 2 the set {e,(f)(a)), n =1,..., N(w)} represents the new orthonormal basis in
H (w) and the following relation is valid:
N(w)
e () = 2(@en(@) = Y _ 55 (@)e,, (@) (33i)
m=1

where the complex-valued v-measurable functions
£55(@) = (en(®), 2(@)en (@) Hw) 33))

are the elements of a unitary matrix {¢)(w)}. This matrix may be infinite.
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The probability scalar measures (31a), invariant for the class G,,, can be now represented
in the form

v(E) = r[6" X (E)] = (ky ()™ / . > len(@), pik(@)) rw Pvdw)  (34a)

k=1,ky (@),
=l N (@)

NV
v, (E) = tr[6, X, (E)] = Za;j)ky @MW (E). (34b)
i=1

The integrand sum in (34a) is invariant under the the transforms (33a), (33i), that is, we have

Y He@). gu@nwl> = Y. el (@), g (@) nwl* (340)
k=1 @), k=1ky @),

n=1,...,N(w) n=1,...N(w)
v-a.e. on Q2.

For further consideration we prove some lemmas.

Lemma 1. Let H(v, N; Y) be a direct integral with a finite positive scalar measure v(-). For
any unitary operator U on Hs @ H(v, N; Y) and any unit vectorn; € H(v, N; Y), there exists
a uniquely determined v-measurable operator-valued function K i(,f/ )(-) on 2 such that:

e [orVE € Fy
/ K" ()v(dw) (35a)
weE

is a bounded linear operator on Hg;
o The relation

(I ® 0, X, (ENU(g ® n)) (@) = xe (@)K (w)g @ e,(w)) VgeHs VEE€Fy
(35b)

is valid v-almost everywhere on 2, where in (: 35b) the infiex n is less or equal to N (w);
e Forn > N(w) the operator-valued function Kl.(nU ) (w) = 0 v-almost everywhere on 2;

o The operator-valued function K i(,f/) (w) is the Radon—Nikodym derivative of the operator-
valued measure

Epyol( ® 0uX(E)U] (35¢)

with respect to the finite complex scalar measure pw;, (dw) = (n; (), e, (w))v(dw).
o The relation

(King)(@) = K\, (w)g Vg e Hs (35d)
holding v-a.e., defines the bounded linear operator Iein : Hy — L, (2, v; Hg) with the

norm ||K,,|| < 1.

Proof. Let {¢} and {;} be any complete systems of orthonormal vectors in Hs and
H (v, N;Y), respectively. Then the following relation is valid:

Ug@n) =) cule®&) =Y KiUn)g®E  VgeH (36a)
-k J

where K (U, n;) is uniquely determined bounded linear operator on Hs with the norm
||I€j(U, ’7")”Hs < 1, such that the relation

(f&,U®nm) =(f,K;U,me) (36b)
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is valid for any V f, g € Hs. In physical notation
KiW,m) =& Undnoweyy G =1,2,.... (36¢)

In the considered case when the measure v(-) in the direct integral H (v, N; Y) is finite, all
elements of the orthonormal base of measurability ¥ = {e, } belongto H(v, N; Y). From (36a)
it follows then that for any vectors g, f € Hg, forany E € Fg and any indexn = 1,...,1,
where [ is equal to v-sup{N (w), w € 2}, we have

(f®en, (I X,(E)NU(gQn))
= f E<f,{21€j(u, m><en<w),s,-<w)>mw>}g> v(dw) (36d)
we ]

Hg

where for the left-hand side in (36d) the following bound is valid:
(f ®en, (I @ XJ(ENU(g®@n)) < VVEILI gl

(36e)
Vf, g € Hg VE € Fg.
Due to (36d) for any E € Fg the sequence
f <f, {Z KU, n)(en(@), s,-(w)>H(w)}g> v(dw)
weE =1 Hs
- <f, { / SR, n) len(@), é,(w))y(ww(dw)} > (360
weE ;] Hs

converges as m — oo for any g, f € Hs. Consequently, there exists [23] the bounded linear
operator on Hs, which we denote

f K (w)v(dw) (36¢)
weE

such that for any E € Fp

/ 3R U, 1) en (@), £(@)) oy v ([dw)—> / K\ (@v(dw)  (36h)
E j=1

wekE

asm — 0Q.
For the operator-valued densities in (36/) we have the relation

m. W R ‘
<f, {Z K (U, n){en(®), & (w)>H<w)}g> —(f. K\ (@)8) n, (36i)
=1 Hs
as m — oo, which is valid for any f, g € Hs.

Thus, for any g, f € Hs we can rewrite (36d) in the form

(F@adoRENTGom) = [ (1K @evd (37a0)
we
with K i(: )(-) being a v-measurable function on 2 with values being linear operators on Hg
defined for any g € Hs v-almost everywhere on €2 and such that (36g) is a bounded linear
operator on Hs for any E € Fg.
From (36i) it follows that I?i(,fj) (w) = 0 forn > N(w), v-a.e. on Q.
The bounded operator adjoint to the bounded operator (36g) is given by

f (K (@) v(dw) (37b)
weE
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with the operator-valued density (I% l.(,f] )(w))+ satisfying the relation
SN w

<f, { D (KU, 1) EH), (@) i) }g> —(f. (K@), m— o0 (370)
j=1 Hs

for any f, g € Hs.
Due to (28d) and (33b) and (36a), (36i) we also have that for any ¢ € Hs, Vn <
N(w), YE € Fg the relation

(I ® 0,X,(E)NU(g @ n)) () = xe (@)K (w)g @ e,(w)) (37d)

is valid v-a.e. on Q.
Substituting (37d) into (35¢), we get the following relation:

Epyinil(d ® 0, X (E)U] = f K (@) (11 (@), ex(@)) rimyv(dw)  (37e)
weE

and, consequently, the operator-valued function K i(f )(w) is the Radon-Nikodym derivative of
the operator-valued measure (35¢) with respect to the finite complex scalar measure

in(dw) = (i (@), ex(@))v(dw). 37

The last statement of the lemma is based on the fact that from (37d) it follows that in case
E = Q we have

N(w)
f D K @)y, K (@) pgv(de) = [y VY € Hs. (37¢)

|
It is easy to prove also the following lemma.

Lemma 2. Let n;,n; € H(v, N) be some orthogonal unit vectors, then the v-measurable
operator-valued functions 1%},5’ )(a)) and 12}2” (w), given by (35) for unit vectors n; and n;,
respectively, satisfy the following orthonormality relation

N(w)
f Z(K(U)(a))) K (yv(dw) =851 (38)

Consider now the expressions for the operator-valued measures (32a), which are (up to phase
equivalence) invariants for the class G,.

Definition. For any indexesi = 1, N, k=1, ky, (ot(i)) andn =1, , 1, where the
positive integer l is equal to V- sup{N (w) w € 2}, deﬁne for any ¥ € Hg the v-measurable
operator-valued function V )(a)) by the relation

(I ® 0, X,(ENU,(¥ ® 9,))(@) = x5(@)(V (@)¢ ® e,(w)) (39a)
v-a.e. on 2. Here Vn < N (w).

The correctness of this definition follows from lemma 1.
It follows from (39a) that under the unitary transforms (33a), (33i) the operators Vlff ) (w)
are transformed as

VW@ = > Dol 7 ). (395)

p=1.. ka{,’))

et N(w)
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From lemma 2 we have the following orthonormality relation for operators ‘A/i(nk) (w):

N(w)
/ Y (VP (@) VY (@)v(dw) = 8;i8 . (39¢)
Q p=1

Considering (35b), (31d) and (39a), we get the following integral representations for the
operator-valued measures (32a):

O (E) = E,ol( @ Xu(E)U,]

= (ky ()" f Y V@), (@) nwv(do) (40a)
w€E  p=1,. .Nw)
k=1, ky (@)

O, (E) = E; [ ® X,(E)U,]

NV
= Za;l) / Z V.Y (@) (0ir (@), €0 (0)) Hwyv (dw). (406)
im1 w€E  n=1...Nw)

k=1 @)

The integral representations for the ‘i’ instruments (30c), which are invariants for the classes
G,, [G,], have the form

T(E)A] = (ky (@)™ / Y. VX @)A VP @yde) @l
we€E =1, Nw

k=1....ky @)

while for the whole instrument we have

TEA = ) a;">/ Y (VP AVP @) (@1b)

The integrand sums in (40a), (40b) and (41a), (41b) are invariant under the transforms (33a),
(33i), that is, v-a.e. on 2.

N 2 (k) B
Yo V@) e @iw = Y Vi @)(@i(), (@) e (42a)
1<:1:1 ky]\::l()‘))) k:TIkVA::a()’)))
and
S s 2O OB
D @) AV @) = Y (V, @)AV,, (o). (42b)
n=l1,....N(w) n=1,....N(w)
k=1, @) k=1, ky @)

If we denote

P (@) = (en (@), 9ir (@) p (o) (43q)

then in (34a) the densities 7, () of the probability scalar measures v (-),i = 1, ..., N,, with
respect to the finite positive scalar measure v(-) can be represented as

Ti(@) = ky@PN D 1l (@) (43b)
)

and, consequently,

v (o) = (k@)™ Y gl @)Pv(do). (“3¢)

=1, N(@)
k=1 @)
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The operator-valued measures (40a) can be rewritten as

Oy (E) = E;ol(d ® X, (E))U ]
= (ky (@) / 79 () (g% (@)*v(da). 43d)
welE = 1 N(@)
k=1, kym(y”)

/ Z () (@) g (@)v(dw) = 85 (43¢)
N(w)

We also have
v < v, < v (43)

where [V(-)] = [PR(~)]. Recall that in (43 f) only the probability scalar measures vl(,")(-), i =
l,...,N, and vy(~) are invariants of the class G, .

Let introduce the double index (i, k) — i and repeat in the sum in (41b) the number «;
as many times as its multiplicity k(¢;) is. Then we can present our result in the form of the
following theorem.

In this theorem no reference is made to invariance properties, the invariance aspects are
taken up again in the next sections.

Theorem 1 (The most general form of an integral representation of an instrument). Let
(2, Fg) be a standard Borel space. For any instrument T (-)[-] : Fg x L(Hs) — L(Hs)
there exist:

e a finite positive scalar measure v(-) on (2, Fg);
o afamily {V, (w), w € Q;i =1,...,No; n =1,..., N(w)} of v-measurable operator-
valued functions on Q, such that for any VE € Fg and any indexes i, n

[ Pu@n) (440)
wek
is a bounded linear operator on Hg and the following orthonormality relation is valid:
/ > Vi@ Vin(@)v(do) = 81 (44b)
2 p=1,..,N()

e a sequence of positive numbers {a1, o, ...}, satisfying

No
D ai=1 Ny < 00 (44c)

such that the instrument can be presented as

N(w)
o= 3« [ Y i@iin@rae (44d)

weE ;1

.....

on all of Hs for VE € Fg, VA € L(Hs).
Furthermore, for any indexes i, n the relation
Win¥) (@) = Vig(@)¥ Y € Hg (44e)

holding v-a.e. on Q, defines the bounded linear operator W,n : Hs — L,>(R2, v; Hs) with
the norm ||W;,|| < 1.
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In the general case the form of the integral representation of an instrument (44a)—(44d)
differs from that given by (20) cf [10, 12], where the orthogonality relation (44b) is not present.
The double index in (44a)—(44d) (in comparison with the single index in (20)) cannot be
presented as a single one since these indexes enter the orthonormality relation (44b) in different
manner. In contradistinction to the arguments presented in [12], we prove (see lemma 1) that
the representation (44d) through operator-valued functions IA/m(a)) is valid on all of Hs.

In the case of discrete character of the measure v(-) the representation (44d), due to the
orthogonality relation (44b), differs also from formulae, of a somewhat similar form, available
in the physical literature [18, 19].

3.3. Stochastic realizations of an instrument

For the definite index i the operators \A/i(nk) (w) in (41D) are defined with respect to the concrete
choice of the basis {pix, k =1, ..., k, (oz}(,i))} in the subspace p; H (v, N; Y) and the concrete
decomposition (33e) of the unity operator on H (v, N; Y). If in the statistical realization y,
given by (24b) and unitarily equivalent to the statistical realization (28¢) on H (v, N; Y), the
density operator 6 has eigenvalues Ot)(/i) with multiplicity k, (ay)) # 1, as well as if in the
statistical realization y the projection-valued measure ISR(~) on (€2, Fp) is not simple (that
is, for some w € @, N, (w) # 1), then even for the definite statistical realization we have a
plenitude of integral representations (44d) of the corresponding instrument.

Moreover, the operators \A/l(nk) (w)are defined with respect to the concrete finite positive
scalar measure v(-) from the equivalence class [v(-)] = [}2'(-)] = [f’R(-)]. Although
[v(H)] = [)A((-)] = [13R(~)] is an invariant of the classes G,, [G,], the measure v(-) itself
is not an invariant of these classes and can be chosen in many ways.

Thus, in (41b) the positive scalar measure v(-) and operators ‘%Ef) (w), defined with respect
to this measure, are not invariants of the classes G,,, [G, ] of statistical realizations.

However, there is a definite correspondence between the classes G, [G, ] of statistical
realizations and integral representations of the instrument, corresponding to these classes.

In this section we analyse this correspondence.

Introduce the following definition.

Definition. Consider a triple . = {B,, A, V3.}, consisting of:

e afamily B, of positive coefficients ﬂf) > 0, summing up to identity, where every coefficient
may be repeated k;, (,8;’)) times:

B = { B, kBIMNB > 0,i=1,..., N Y Bk (B) = 1} (45a)

e a family A, of complex scalar measures, absolutely continuous with respect to a finite
positive scalar measure V(-) and satisfying the orthonormality relation:

Ay = {c]i(,]f)(w)i(dwﬂa) ei=1,....,Nuk=1,.... k(B )n=1,...,Nw);

N(w)
/ >G5 @)q) (@) idw) = skpé‘,-i} (45b)
Qp=1

where in (45a), (45b) the positive integers Ny, N(w) may be infinite;
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e a family V, of V -measurable operator-valued functions Wi(,f)() on 2, satisfying the
orthonormality relation,

m

V; = {W.(k)(a))|w €eQ, i=1,....Nok=1,....B"):n=1,...Nw);

N(w)
/Q D W @) Wi (@)D (dw) = 5,8 j,-l} (45¢)
n=1
and such that for all indexes i, n, k and any E € Fy
W (@) (do) / > W (@)(gly (@) T (dw) (45d)
weE weE

n=1,...N(),
k=1,...dy (B

are bounded linear operators on Hg;

We shall call .. = {B,, A, V,.} a stochastic realization of an instrument, if the instrument
can be represented in the integral form

T(E)A1 =) g /
ik @

on all of Hs. We shall say that we have different stochastic realizations of the same instrument
if the triples { B, A, V'} are different.

N(w)
WP (@) AW () T(dw) (45e)

€E ,—1

The following statement follows from the consideration, presented in section 3.2 and, in
particular, from the formulae (41)—(43).

Proposition 1. Ler (2, Fg) be a standard Borel space. For any instrument
T()[1: Fs x L(Hs) — L(Hs)

there exists a stochastic realization.

Let A be a stochastic realization of an instrument. Then, for example, any triple A, the
elements of which are connected with the elements of A by the following transformation v-a.e:

By = B v~ N(w) = N'(w) (46a)
dv

~1(k) _ 1) 1) ~(p)

") (W) = a (w)b, (w)g: (w),| — 46b

3% () m:;m (@b (@), (@] o= (46b)
p=Loeky 81

. N dv

Wil = 3 an@bg@W, @)/ = (46¢)
il

where {al-?)(w)} and {b,gu'z) (w)} are any unitary matrices of complex-valued V-measurable

functions, is also a stochastic realization of the same instrument.

Introduce now the equivalence relation on the space of all possible stochastic realizations
of the given instrument.

We shall say that two stochastic realizations A and A" are equivalent if there exist a real
number £, a unitary matrix {{,,(w)} of complex-valued measurable functions and unitary
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matrices {l?k )} i=1,...,N;of complex numbers such that v-a.e.:
Bo=B: T~V N = N’(w) (47a)
iY@ =Y @y >\/ (47b)
e,
W@ =ef > @ WP ),/ . @7e)
m=1....N ().
k=1 (B

Denote the equivalent class by S, if it contains the stochastic realization A. Stochastic
realizations from the class S have the following invariants.

The type [v], the dimension function {N (w), w € 2}, the family 8 of positive coefficients,
the probability scalar measures

5 (dw) = (k, (B! Z |Gy (@)]*D(do) (48a)
k=1.. k;N(i;zl))
7 (dow) = Z ﬂ{”k (B} (dw) (48b)
and the operator-valued measures
2 () . ~
0, (E) = (k, (8" / > WY @G (@) Tdw) (48¢)
weE ,_| V(o
k:l,.l..,k:(,[(i;\’)))
OBy = Y B k(B 6 (E) (48d)
i=1,..., N;\

which are invariants of S, up to phase equivalence.
Thus, we derived the following set of invariants of the equivalence class S;,

- . 2 (@) 2
D], (Vs (@), @ € 2}, B, 11 ()}, 52D, (O, ()}, ©1(). (49)

Introduce also the equivalence relation on the space § = {S,, A € A} of equivalence classes
S;. of stochastic realizations.

We shall say that two equivalence classes S, and S, are equivalent if for any stochastic
realization A from the class S, and any stochastic realization A" from the class Sy there exist
a real number £, a unitary matrix {¢,,(w)} of complex-valued measurable functions and a
unitary matrix {ﬂk } of complex numbers such that v-a.e.:

Ni=Ny k@) =k(B)  Vi=1...N
D~ N(w) = N'(w)

W@ =e Y L@ Wi (@ ),/ (500)

k=1, ky, (B0

A

(50a)

W@ =Y @ ),/ (50¢)

m=1,...N(@)
k=1oky (B)

Denote the equivalent class by [S; ] if it contains the class ;.
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The class [S;] has the following set of invariants

- . N 2 ()

[0], {N,.(@), @ € @}, Ny, (BT, ) (6, (). (51

Consider now the correspondence between the different classes of stochastic and statistical
realizations of the same instrument.

Theorem 2. There is a one-to-one correspondence between the space S = {S,, L € A} of
equivalence classes of stochastic realizations and the space G = {G,, y € I'} of classes of
unitarily equivalent statistical realizations of the instrument. The element of S corresponds to
the element of G if and only if they have the same sets of invariants, given by (49) and (32c),
respectively.

Every statistical realization from the class G, induces a unique, up to equivalence,
stochastic realization from the corresponding equivalence class S, and vice versa.
Theorem 3. There is a one-to-one correspondence between the space [S] = {[S,], A € A}
of equivalence classes [S,] of stochastic realizations and the space |G] = {[G,],y € '} of
equivalence classes of statistical realizations of the instrument. The element of [S] corresponds
to the element of [G]if and only ifthey have the same sets of invariants, given by (51) and (32d),
respectively.

Every statistical realization from the class [G,] induces a unique, up to equivalence,
stochastic realization from the corresponding equivalence class [S;] and vice versa.

3.4. Quantum stochastic representation of an instrument

For further applications in the quantum measurement theory (cf section 4) we introduce the
following notion.

Definition. Let A = {B;, A,.,, Vi.} be a stochastic realization of an instrulnent. We shall call A
quantum stochastic if for every v-measurable operator-valued function Wl-(,lf) (w) in (45¢) there

exists a v-measurable operator-valued function lill(i) (w) such that, v-a.e. on 2, Wi(:) (w) can
be represented in the factorized form

W (@) = M (@) (@). (52a)

mn
The integral representation of an instrument through the elements of a quantum stochastic
realization is given by

T(E)A1 =) g f
ik @

The following statement follows from theorem 1.

N(w)
D) @) AT ()13 (@) §(dw).  (52b)

€E ,—1

Proposition 2. For any instrument there exists a quantum stochastic realization.

Proof. Take some complex scalar measures w;,(-), i = 1,...,Ng, n = 1,..., N(w)
equivalent to the positive scalar measure v(-) in theorem 1. Let g;, (@) be the Radon—-Nykodim
derivative of the measure u;, (-) with respect to the measure v(-). The v-measurable functions
gin(w) satisfy the relation g;, (@) # 0 v-a.e.

We can always choose the measures 1, (-) in such a way that

/ Y G (@), @)v(do) = 8. (520)
Q n=I1,....,N(w)

For example, we can take g;,(®w) = f;(w)g,(w) with scalar complex-valued functions f; €
Ly(R2,v), i =1,..., Ny and scalar complex-valued functions g, € S(Q,v), n =1,...,1,

where / is equal to v-sup{N (w), @ € 2}, such that:
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o the elements of both sets of functions f;(w) # 0, g,(w) # 0 v-a.e.;
o the complex-valued functions f; (@) are mutually orthogonal (f;, f;)r, = dij;
o the complex-valued functions g, (w) are normalized v-a.e. on €2, that is,

> lg@P =1 (52d)

Then it is easy to show that we get (45a).
Introducing in (44) the operators

- Vin (@)
I (w) = < (52e)
din ((L))
defined v-a.e. and satisfying the orthogonality relation
[ i@ @i =i 529
Q2 p=1,..,N)
we derive the statement of proposition 2. ]
If in the class S, there exists a quantum stochastic realization for which
Wi (@) = 1@y (@) (53a)

then any unitary transformation (47) of the elements of a quantum stochastic realization (53a)
gives a quantum stochastic realization with different complex densities (ji'flk) (w) but the same
(up to phase equivalence) operators N9 (w). Consequently, the considered class S, (and
[S55]) consists of only quantum stochastic realizations of the type (53a). The operator-valued
measures (48¢), invariant for this class [S’ 5], admit the integral representation

2 (@) ~ . ~
0, (E) =f 1w (dw) VE € Fg Vi=1,...,N, (53b)
weE

which is the same for all quantum stochastic realizations of the class [S’k].
~ 2 (D)
Since for any i = 1,..., N, all operator-valued measures ®, (-) and all probability

scalar measures f)i”() are invariants of the class [S’k], the operator-valued functions ﬁ(i)(w),
2 ()

being the Radon—Nykodim derivatives dcj)—(‘,-), are also invariants of the class [S;] (up to phase
dv,
equivalence). That is why, we shall use for these operators the notation Hf\’)(a)) and call the
quantum stochastic realization (53a) and the corresponding classes S, and [S; ] invariant.
For the invariant class S, the integral representation of the instrument, corresponding to

any invariant quantum stochastic realization from this class is the same and is given only
through the invariants of S

T(E)A =) B k@B | (17 )*A 1 ()5 [dw). (53¢)

weE

Furthermore, for any invariant quantum stochastic realization from the invariant class S, the
orthonormality relations in (45b) and (45¢) for complex measures and for the operator-valued
functions, respectively, can be rewritten as

/Q #5P (@0)P(dw) = 8,81 (53d)

/ 1 (@) 1 @)7 57 (@) 9(dw) = 8181 (53¢)
Q
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with the following notation for

A=Y @G @) G ). (53)

The probability scalar measures ﬁ;i) (+), presented by (48a) and invariant for the class S’A, have
the probability densities
7i(w) = 7 (w) (53¢)
Ajilw) =GB Y #Y (53h)
k=1, ki (B),
with respect to the finite positive scalar measure v (-).
Let GV and [G, ] be the classes of statistical realizations, corresponding, due to theorems 2,

3 to the inva~riant clas~ses S‘,\ and [S'x], respectively. We shall call the classes of statistical
realizations G,, and [G, | invariant.
Using the notations of (43a), (43¢) we, further, denote similar to (53 f)—(53h):

TP = > @)l w) (54a)
n=l1,..., N(w)
and
Tii(@) = (k@D > A (54b)
k=1,...k, @)

Then, obviously, the probability densities 7;(w) of the probability scalar measure v{(-),
i=1,..., N, given by (43b), are

mi(w) =1 (w) =20 (54¢)
and the following orthonormality relations are valid:
/ 7 (@)v(dw) =3§j; Vj,i (54d)
Q
/ (M (@) T ()7 (@)v(dw) =851 (54¢)
Q

The following statement is valid due to theorem 2 and the definition of an invariant class [Gy].

Theorem 4. Let [Gy] be an invariant equivalence class of statistical realizations. Then there
exist:

o the unique family 1~\y of complex scalar measures absolutely continuous with respect to a
finite positive scalar measure v(-) and satisfying the orthonormality relation:

[\y = {nﬂ(w)v(da)ﬂw eQ; i,j=1,...,Ny; / rcj,-(a))v(da)) = Sj,-} (55a)
Q

(the positive integer N, may be infinite);
o the unique (up to phase equivalence) family \7}, of v -measurable operator-valued functions
H)(f)(-) on 2, satisfying the orthonormality relation,

v, = {ﬁ;”(wnw €eQ, i=1, ...,N,\,/ (MY (@) 1Y ()7 (@)1 (do) =5ﬁi}
Q

(55b)
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and such that for any E € Fy

/ 9 ()73 (w)v(do) i=1,...,N, (55¢)
weE
is a bounded linear operator on Hs and for any index i the relation

Wip) (@) =P (@)y V¢ € Hs (55d)
holding v-a.e. on 2, defines the bounded linear operator Wi : Hy — Ly(R2, v)(j)(~); Hs)
with the norm ||W;|| = 1;

such that for all statistical realizations from the invariant equivalence class [éy] the
integral representation (41b) for any ‘i’ instrument has the same form:

T (E)A] = / (1) (@)*A T () (do) (53¢)

weE

and is given only through the invariants of [Gy]. In (55¢e) the probability scalar measures
v (dw) = mi (w)v(dw) i=1,...,N, (55f)
are invariants of the class [GV].

The families (55a) and (55b) are functional invariants of the invariant class [Gy].

Definition. We shall call the integral representation of the instrument

T(E)A]=) ok, @) [ ([19w)*A 19 () ([dw) (56)
i E

we
corresponding to the invariant class Gy, a quantum stochastic representation of the instrument.

We would like to point out that, in general, invariants of the invariant class G » such as the

values of the multiplicity function N (w), @ € 2 and the multiplicities k; (af)), i=1,...,N,
may be greater than one.

Let now consider the description of a quantum measurement, described by the instrument
represented by the quantum stochastic representation (56).

From (56) and (48a), (48D) it follows that the probability scalar measure (5), defining a
probability distribution of outcomes, is given by

NV
1, (E) =Y alk, (@) / . w2 (o, ps)] v (dw) (57a)
i=1 «

through the invariants of the considered class éy. In (57a) we introduced the notation
£0(w, ps) = MY (@) ps19* () Vi=1,...,N, (57b)

for the un-normalized i’ statistical operators being invariants of the class [Gy] for the given
ps. Introducing also the probability scalar measures

1 (do, ps) = ule) (@, ps)] vy (dw) (57¢)

forVi =1,..., N,, we can rewrite (57a) in the form

NV
Hog @) =~ 'k, (@) (o, fs). (57d)
i=1
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For the given initial state o5 of a quantum system, the probability scalar measures (57¢) are
invariants of the class [Gy].

The family of posterior states {0 (w, ps), ® € R}, defined by (9a), is given, u pg-d-C. on
2, by the relation

>k (@) (@) (w, bs)

. ps) = L . (57¢)
;0 'k, (@) () ul) (@, ps)]
The posterior state (57¢) can be rewritten as a sum
P, ps) =Y _ 0 (@) \ (@, bs) (57f)
i
of normalized statistical operators
- T (w, ps)
T}fl,)N(w, ps) = —f(i) - Vi=1,...,N, (57g)
tr[7y " (@, ps)]
which are invariants for the class [Gy], with statistical weights
@) @) 2 () 5
, ok, (@) () tr[T) (0, ps)]
9}51)(0)) — y Ty Ty n 4 (57h)

Zj oc](,j)k,/ (Ol}(/j))ﬂ'jj (@) tf[f;gj)(w7 ps)]

which are also invariants of the class [Gy].
The prior (unconditional) state of a quantum system, defined by (10) in case E = €2, can
be represented as

NV
PR, ps) =) e ky (@) f & (@, ps)vy (dw)
Q

i=1
NV

= k(@) f £\ (@, ps)nl (dw, fs). (57i)
i=1 Q

Thus, we see that different quantum stochastic representations of the same instrument,
corresponding to different invariant classes G » of unitarily equivalent statistical realizations,
induce different decompositions (57a) and (57 f) for the probability distribution of outcomes
and the family of posterior states.

4. Quantum stochastic measurement model

The operational approach, being very important for the formalization of the complete statistical
description of any generalized quantum measurement, does not, however, in general, give the
possibility to include into consideration the description of the random behaviour of the quantum
system under a single measurement.

However, the description of stochastic, irreversible in time behaviour of a quantum system
under a single measurement is very important, in particular, in the case of continuous in time
measurement, where the evolution of the continuously observed open system differs from that
described by reversible in time solutions of the Schrodinger equation.

The operational approach also does not specify a description of a generalized direct
quantum measurement where we have to describe the direct interaction between a classical
and a quantum systems.

We would like to emphasize again that in quantum theory any physically based problem
must be formulated in unitarily equivalent terms and the description of a generalized direct
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quantum measurement, cannot be simply reduced to the quantum theory description of a
measuring process. We cannot specify definitely neither the interaction, nor the quantum state
of a measuring device environment, nor describe a measuring device only in quantum theory
terms. In fact, under such a scheme the description of a direct quantum measurement is simply
referred to the description of a direct measurement of some observable of an environment of
a measuring device. Thus, the problem still remains.

We recall that for the case of discrete outcomes the original von Neumann approach [1]
describes specifically a direct quantum measurement and gives both the complete statistical
description of a measurement and the complete stochastic description of the random behaviour
of the quantum system under a single measurement.

Accordingly, the aim of the present section is to introduce, using the mathematical results
of section 3, a new general approach, the QSA, to the description of a generalized direct
quantum measurement, which could incorporate both the above-mentioned features of von
Neumann’s approach and the features of the operational approach, in the sense that this new
approach would be based only on unitary invariants of a measuring process and could give the
complete statistical description of a generalized direct measurement and the complete stochastic
description of the random behaviour of a quantum system under a single measurement.

We consider also the description in the frame of the QSA (proposition 4) of a special kind
of indirect measurement of a quantum system, where a direct measurement on some other
quantum system, entangled with the one considered, is described by a projection-valued POV
measure.

Let us come back to the notion of a von Neumann measuring process of the observable (1),
presented by the formula (17).

Fix the pair 7, {n,} in (17) and consider the class G, of statistical realizations of the
instrument (14c¢), which are unitarily and phase equivalent to the statistical realization

y =K, In)nl, X, (), U} (58a)
with a projection-valued measure X y(E) = ZA cg |1m) (nm| of the discrete type and a unitary
operator U , satisfying (16). The class G, has the following invariants (see (32¢)):

[X,0)] Ny, =1  a,={l}) N,=1  k()=1 (58
v (E)= "I m)l>  Oy(E)= Y (0, 1m)Pu (58¢)

Am€E Am€E
where for any index m, operators P, are projections defined by (15).

For all possible classes G, the invariants, presented in (58b), are the same. Hence, in
particular, projection-valued measures X » in statistical realizations from different classes G,
are unitarily equivalent to each other (see section 3.1) and the type (X 1 1s equal to the type
[ﬁ(~)] of the spectral projection-valued measure (14a) of a von Neumann observable (1).

Other invariants, presented in (58¢), are different. In general, some scalar products (1|1,,)
may be equal to zero and, that is why, scalar measures v, (-), corresponding to different classes
G, , may be of different types.

Single out classes Gy, for which [)~( y1 = [V, ], what is equivalent to the condition

(Filim) #0, ¥m.
Every such class G, is invariant (cf section 3.4) with the type [, (-)] of the, corresponding

to this class, invariant scalar measure v, (-), being equal to the type [P()].
Moreover, only for an invariant class Gy the type [V, ] of a scalar measure is defined by

the type [P (+)] of the spectral projection-valued measure, corresponding to the von Neumann
observable (1). We recall also (cf section 3.4) that only for an invariant class the description
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of a measurement can be presented through unitary invariants of a measuring process. That
is why, only for an invariant class G,, we can rewrite the expression for the instrument (14c¢)
in the form of the quantum stochastic representation, that is, via invariants of this class—the
scalar measure of discrete type [P(-)]on (R, B(R)) and the family of operators, depending on
the observed outcome, but being defined through projections in this case.

Thus, for the instrument (14c¢) only invariant classes of von Neumann measuring processes
may be interpreted to correspond to the concept of the direct measurement of the observable (1)
in the frame of original von Neumann approach.

The approach, which we introduce in this section, may be considered as the quantum
stochastic generalization of the original von Neumann approach to the description of direct
measurements with discrete outcomes for the case of any measurable space of outcomes, any
type of a scalar measure on a space of outcomes and any type of a quantum state reduction.

Consider, for simplicity, the case when the state of a quantum system at the instant before

a measurement is pure, that is, ps = |¥o){¥o|. In this case the un-normalized statistical
operators (57b), given by
20 (w, ps) = M (@) [0) (Yol [T () (59a)
represent pure states.The family of posterior states (57¢) can be presented in the form:
P, po) =Y 01w () (W ()] (59b)
with
. ok (@) i (@) IT1 (@) o) |1
0, (@) = (j)y - 5 - 0 - > (59¢)
> o Ky ()7 ()| ITL (@) o)
where we introduced the notation
. 9 (w)
\Il}(,’)(a)) _ @0 (59d)

1T (@) ol | 4,

for a normalized posterior pure state defined (up to phase equivalence) by the operator ﬁ;’) (w).
The following orthonormalization relation is valid for un-normalized posterior pure states:

/ (fl)(/j)(w)l/fm ﬁg)(w)wstﬂji(w)V(dw) =4l I/f0||%1S Vj,i, Yyo e Hs. (59¢)
Q
From (59b) it follows that for different quantum stochastic representations of the same
instrument the corresponding families of posterior pure states

(W), weQ, i=1,...,N,)} (60a)

defined up to phase equivalence, and their statistical weights (59¢) in the decomposition of
the posterior state p(w, po) are, in general, different, although the posterior state (statistical
operator) p(w, fp) is the same.

The posterior statistical operator (see (10)), conditioned by the outcome w € E, is defined
by the set {\IJ)(,i)(w)} of posterior pure states as

2k, @) [ 1D @) (89 (@) 1 (do)
N, G iy G
it o ky @) (E)
with a probability scalar measure (57c), represented by

1 (dw) = |19 (@) ol v (dw). (60c)

P(E, ps) = VE € Fp (60b)



7670 E R Loubenets

The prior state (57i) has the form

NV
AR ps) =D alk, (@) /Q W (@) (WS () |1 (dw) (60d)
i=1
and can be considered as the usual statistical average over the posterior pure states (60a) with
respect to the probability scalar measure Mg)(da)) in the ‘i’ random channel of measurement
and with respect to the different channels, given with the statistical weights a{'k, (a!"), Vi =
L....Ny, Y, aff)ky(a}(f)) =1.

From (60b), (60d) it follows that W) () can be interpreted as a random posterior pure
state outcome in a Hilbert space Hg of a quantum system, conditioned by the observed value
o € dw, in the ‘i’ random channel. For the definite w the probabilities of different posterior
pure state outcomes are defined by (59¢). We can interpret then the probability scalar measure
v{(dw) in (60c) as describing the input probability distribution of different outcomes in the
‘i’ channel and the scalar measure ugf)(da)) as describing the output probability distribution
in the ‘i’ channel of a given invariant quantum stochastic representation.

Thus, the random operators flgj)(w) can be interpreted as describing under a single
quantum measurement the stochastic behaviour of a quantum system, conditioned by the
observed outcome w € dw in the ‘i’ random measurement channel.

Analysing the definition of the invariant class of unitarily equivalent statistical realizations
and the description, given by (59), (60), of the probability distribution of outcomes and the
family of posterior states, corresponding to this class, we conclude that different quantum
stochastic representations of the same instrument can be identified with the description of
different generalized direct quantum measurements.

Although the statistical description of these measurements (the POV measure and the
family of normalized posterior states) is the same, the stochastic behaviour of a quantum
system in the sense of specification of the probabilistic transition law governing the change
from the initial state of the quantum system to a final one under a single measurement, may be
different.

Physically, the notion of different channels under a direct measurement corresponds under
the same observed outcome of a measured quantum variable to different underlying random
quantum transitions of the environment of a measuring device, which we cannot, however,
specify with certainty.

The following proposition follows from our identification of the description of an invariant
class of unitarily and phase equivalent statistical realizations with a concrete direct quantum
measurement.

Proposition 3. For any generalized direct quantum measurement with outcomes in a standard
Borel space (2, Fg) upon a quantum system being at the instant before the measurement in a
state ps, there exist:

e the unique family of complex scalar measures, absolutely continuous with respect to a
finite positive scalar measure v(-) and satisfying the orthonormality relation:

A= {nji(w)v(dw)lweQ; i,j=1,2,..., No; /nj,-(w)u(dw)zaj,-} 61)
Q

where the integer Ny may be infinite;
o the unique (up to phase equivalence) family of v-measurable operator-valued functions
Vi () on Q, satisfying the orthonormality relation with respect to scalar measures (61):

Vz{ﬁ(wnwesz; i=1,2,..., No; /V]f(a))@(w)nﬁ(w)v(dw)=5,-ii} (62a)
Q
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and such that for any indexi = 1, ..., Ny and for VE € Fg

[ H@mae (620)
weE
is a bounded linear operator on Hg. The relation

(W) (@) = Vi(o)yr Yy € Hs (62¢)

holding v-a.e. on Q, defines the bounded linear operator W, : Hy — Ly(2, v;; Hg) with
the norm ||W;|| = 1. In (62a)—(62c)

Vi (dw) = 7;; (w)v(dw) (62d)
o the unique sequence of positive numbers o = (ay, oz, . .., ay,), No < 00, satisfying the
relation
No

D=1 (63)
i=1
such that the complete statistical description (a POV measure and a family of posterior
states) of a measurement and the complete stochastic description of the behaviour of a
quantum system under a single measurement (a family of posterior pure state outcomes
and their probability distribution) are given by:
e The POV measure

M(E) = Zai / V() Vi(w) vi(dw) VE € Fg. (64)
i weE
o The family {p(w, ps), w € Q} of posterior states
P, fs) = Y _&(@)Ei(w, fs) (65a)
with
a; i (@)

ti(w, ps) = V(@) ps V(@) &) =

. 65b
Zj O (w) tr[fj (w, ,55)] ( )

o The probability scalar measure of the whole measurement, given by the expression

() =D eineg)() (664)

through the probability scalar measures
) (dw) = tlfi (@, ps)] vi(dw) (66b)

in different ‘i’ random channels of a measurement;

o The family of random operators (62), describing the stochastic behaviour of the quantum
system under a single direct measurement. Every operator Vi(w) defines (up to phase
equivalence) in the Hilbert space Hg a posterior pure state outcome conditioned by the
observed result w € dw in the ‘i’ random channel of a measurement. For any o € Hg
the following orthonormality relation for a family {\A/,-(w)wo, weQ,i=1,...,No}of
un-normalized posterior pure state outcomes is valid:

/ (Vi (@) o, Vi(@)Yo) g tji(@)v(dw) = 8l Yoll,  Yj.i. (67a)
Q

The probability distribution of different outcomes w in a random ‘i’ channel is presented
by (66b). The statistical weights of different random channels of a measurement are given
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by numbers a;, i =1, ..., No. For the definite observed outcome w the probability of the
posterior pure state outcome V;(w)y is given by

@it ()| Vi (@) |2

i (w) = ~ . (67b)
> o (@) Vi(w)Poll?
The prior state
No X X
P82, ps) = ZOZ,-/ [Vi(@) o) (Vi(@)Polvi(dw)
i=1 Q2
= / W (@) (W (@) |1 (do)
i=1 Q@
\L,J(/i)(w) _ ‘fi(w)lﬁo
Vi (@) o]
(67¢)

is a statistical average over the posterior pure state outcomes with respect to the probability
distribution of outcomes in every ‘i’ random measurement channel and with respect to
the different measurements channels.

We shall call V,-(w) a quantum stochastic evolution operator and the probability scalar
measures v; (), vo(-) = >, ;v;(-) and ,ugs)(-), o (+) as input and output probability measures,
respectively.

We shall also call the triple {A, V, @} a quantum stochastic representation of a generalized
direct quantum measurement.

Direct measurements, presented by different quantum stochastic representations, are
called stochastic representation equivalent if the complete statistical and complete stochastic
description of these measurements is identical. In the frame of the QSA projective
direct measurements present such a stochastic representation equivalence class of direct
measurements on (R, B(R)), for which the complete statistical and the complete stochastic
description is given by the von Neumann measurement postulates [1], presented by the
formulae (2), (3).

Consider now also the case of indirect measurement. The following proposition is a
corollary of theorem 2.

Proposition 4. Let Hs be a Hilbert space of a quantum system and (2, Fg) be a standard
Borel space (2, Fg). For any collection, consisting of:

e a sequence of positive coefficients

No
B=Bi....Bnw)  No<oo Y pi=1 (68a)
i=1

e a family A of complex scalar measures, absolutely continuous with respect to a finite
positive scalar measure v(-) and satisfying the orthonormality relation:

A= {qin(a))v(da))la) eQ; i=1,...,Nsn=1,..., Nw);

N(w)
/ > 45 (@), (@v(dw) = 5.,-,‘} (68b)

n=1

where the positive integer N (w) may be infinite;
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e a family V of v-measurable operator-valued functions Vin() on Q, satisfying the
orthonormality relation:

V:{\Z.n(wnwesz, i=1,...,No;n=1,...Nw);

N()
/ 3 V@)V (@05, @4, @)y ([do) = § ,,»1} (68¢)
Q =1
and such that for any indexes i, n and any E € Fp
| h@aevee [ Gl @ (68d)
weE w€E p—1,..,N(w)

are bounded linear operators on Hg;

there exists an indirect measurement of a quantum system, induced by a direct measurement
upon some other quantum system, described by a Hilbert space Hr and entangled with
the one considered, such that the POV measure 13(~) : Fg — L(HR) of this direct
measurement is projection-valued and consistent with the triple, given by (68b), (68c).

The instrument, corresponding to this indirect measurement, is given by
N(w)

T(E)Al=)_Bi / > V(@) AV, () |gin(@)Pv(dw). (68¢)

€E p=1

In proposition 4 the projection-valued measure P() is said to be consistent with the
fgmilies (68b), (68c) if the type [P(-)] is equal to [v] and the multiplicity function Np of
P(-) is equal to N (w) v-a.e. on 2.

5. Semiclassical stochastic model of a quantum measurement

In quantum theory there was always a wish to combine the classical description of a measuring
apparatus for an observer with the quantum description of an observed system.

The results we derived in the previous sections allow us to introduce such kind of
interpretation of the description of a generalized direct quantum measurement.

Definition. (of a classical premeasurement state of a measuring device) We shall say that a
Sfamily of scalar measures

Ao = {rrji(a))v(da))l we i,j=12, ..., N fﬂnﬁ(a))v(dw) - aj,-} (69a)

on a measurable space (2, F) describes a classical premeasurement state Ao of a quantum
apparatus, if for any measurement ‘a’:

o= (a,0,...) @ >0 D=1 (69b)
i
performed by a ‘free’ apparatus in a state A, a probability scalar measure of ‘a0’ measurement
is given by

v (dw) =Y i (@)v(dw). (69¢)

Physically different ‘e’ correspond to different preparations of the quantum state of a
measuring apparatus.
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Let at the instant before a measurement a measuring device be in a classical
premeasurement state Ay and a quantum system be in a quantum state os. From this above
definition and proposition 3 it follows that for any measurement ‘«’, performed by a measuring
device upon a quantum system, there exists the unique (up to phase equivalence) family of
quantum stochastic evolution operators (62) such that the complete statistical and the complete
stochastic description of a measurement is given by formulae (64)—(67).

6. Concluding remarks

In the present paper we review the main approaches to the description of quantum
measurements. We analyse the structure of different classes of statistical and stochastic
realizations of an instrument, find their invariants and introduce the notion of a quantum
stochastic representation of an instrument, whose elements are wholly determined by the
invariants of the corresponding invariant class of unitarily and phase equivalent statistical
realizations.

We show that the description of a generalized direct quantum measurement can be
considered in the frame of a new general approach (QSA), based on the notion of a family of
quantum stochastic evolution operators, satisfying the orthonormality relation and describing
under a measurement the conditional evolution of a quantum system in a Hilbert space.

The proposed approach allows to give:

o the complete statistical description (a POV measure and a family of posterior states) of
any generalized direct quantum measurement;

e the complete description in a Hilbert space of the stochastic behaviour of a quantum system
under a generalized direct measurement in the sense of specification of the probabilistic
transition law governing the change from the initial state of a quantum system to a final
one under a single measurement;

e to formalize the consideration of all possible cases of generalized direct quantum
measurements, including measurements continuous in time;

e to give the semiclassical interpretation of the description of a quantum measurement.

In a sequel to this paper we shall consider in detail the further application of the proposed
general approach to the description of different concrete types of measurements.
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